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Periodic solutions of heat conduction equations with boundary conditions of the
relay kind are found for a finite interval, and the behavior of such solutions at
unlimited time increase is analyzed, Periodic solutions of heat conduction equ-
ations with nonlinear boundary conditions were considered in [1 - 4, 10], while
in [5, 6] periodic solutions of nonhomogeneous heat conduction equations with
their right-hand sides nonlinear with respect to the unknown functions are pres-
ented, and the asymptotic behavior of related initial problems is analyzed,
Solutions of this kind define self-oscillating processes occurring in various bran-
ches of hydrodynamics (theory of filtration and diffusion [3 - 61).

1. The problem reduces to finding the periodic solution of equation

du 5 Ou 1.1
o 2 (1.1)

in the finite region —/ <~ & < 0 with boundary conditions
ou(—1L1t) { (=1t +4-q, for  u(—1t)<Tu,

oz | hu(—1, )+ gy, for u(—1,t) >u,,

(g > gy, 1 >0, 1a >0, 2> M)
u(0, ) =20

Wesetu (—I, &) = ugat t = T, and u (—1I, 1) = uy, at t = T, with u =
=uy(z, t)for 0 <<t << Tyand u = u, (z, t) for Ty <<t << T, and seek the
solution of this problem in the form of series

(1.2)
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u (z,1) = ﬁ + él Cy 0xp (— M 2t) sinoy, z (1.3)

Ug (,1) = 7 12:;: T+ kz Dy exp [— A2 (t — Ty)]sinogx
=1

where A, (i = 1, 2)are the roots of equations

N Aks A
g Ml 4 A (aki = ﬁ) (1.4)

The inequalities
om 2k — 1) < ag l < 7k k=1,2,..)

are valid, and oyl — 1/, (2k — 1) when k- oo .

The coefficients C', and Dy (k = 1, 2, ...) are determined by the conditions of
continuity of solution 4, (z, Ty) = u, (x, Ty), u, (x, T) = u, (x, 0). From (1. 3)
we obtain the equalities

1+hll x4+ Z Cy exp (— M2T)) sin oy, v = 1_;]21”! -+ ngkSin%x (1.5)
—1?‘]_2—]23 z + 2, Dyexp{—M2(T —T)]sinxx =

= 1+hl x4 ZCkemakx

Constants 7', and T are the smallest roots of equations U (=1, Ty) = uy,
u (=!I, T) = u,,. By virtue of (1, 3) these equations become

qil S . _
— T k§1 Cy exp (— A 2Ty) sinoyl = u, (1.6)

— 2, Dyiexp[— M2(T — T sinal =y,
1 4 hal —
We in troduce notation

- B = exp (— M,2T" 1.7
B=q10mr — T35 mi’ Br, = exp (— M *Ty) 1.7

Tr, = exp [M2 (T — T, Ay = By Cr, By = 1Dy

Equations (1, 5) reduce then to

2 Dy sinayx = Bx + Z Ag sinoyz (1.8)
k=1 k=1

Z Cysinayr = — Br + 2 By sinoygx

k=1 k=1

The coefficients D and Cx are found from (1, 8), respectively, in terms of A and

B
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D = 5| Bbm, — UELD) 2 8x,mer | (2.9)

Cm — ____[ Bﬁm‘ 4 ) (h2 — hl) 2 6,‘"’“‘8,‘] (m=1,2,3,..)

fewest
where the following notation is used:
Oy =51 (1 + R4d) cz,,,i sin oyl (1.10)
B, m; = 8 (¥hy — on,)™ i fO; €08 L €O 1
sin 2ampd 1
n= (1w
Obviously lim Gk m;=70 (}’ci m;— 00}, After some transformations (1, 9) reduces

to an infinite system of linear equations definting the coefficients C,, and D, (m =
= 1 &, ..-)
Cn = b+ 3 BinCsr D= O S 9, mD; 1.11)

IES1 Jmml

b= =2t 2 (552) 3 it

where

2B 4B ¢ hy—h
’l‘}m = Tam, + 7] ( 2h1ha 1) ) 2 6];,'1"‘3,‘16,“

!“’I‘;m = - z% ( h;:ll ) 2{ ;mxrrkaﬁjx,keg}'x (1’12)
4 4 ho—R1 \2
Yim=—7 (’%hﬁ) ké B, . Bre O i

It is evident from (1,10) that the series appearing in the expressions for R, and O,
are convergent, and p, = 0 and ¥, — 0 when m —- 00. From (1, 4) follows the
convergence of series ., and &;,.,,, also

2 im] and% [@m |

j==1 Jae)
Hence, if {73 (h, — h;)? hy"?hy~%is sufficiently small for the inequality

Spim|<1—8,  Dha|<1—8  (©<8<Y)
=1 i=1

to be satisfied, the infinite system of linear equations (1,11) is completely regular, and
it is possible to determine coefficients (), and D,, by the method of successive appro-
ximations [7], Constants I', and T are found from Egs, (1,6), Similar results were
obtained for an infinite region in [8] by a somewhat different procedure,

2, Let &, == h, == h.Equation (1, 4) now becomes

=
T
.
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C, and D, the following expressions:

Te—1 1—p, 2 sin a, !
Cx=¢ 71— BTy’ Dy=e 17— Bl ' kT T (11— q2) sin 2o, ] 22)
2
%W\~ m
= —a, 22T}, =exp|—a 2 (T —T
If heo, then Pk = eXPI=aieTil we = oxp—atai( V]
akl = /3% (2k — 1), sin 2akl =0 (2.3)

The conditions of existence of roots 7, and 7' of these equations (C), sin eyl > 0 and
Dy sin ol < 0) , ;
qe qu
follow from formulas (2, 2) and (1, 3),
The patterns of functions ¢ = o (T;) and ¥ = ¥ (t,) for the cases of k== 0 and hl
= 4 are shown in Fig, 1 (a) and (b) respectively, on the assumption that along each of
these curves I = b7,. Curves 1, 2 and 3 relate to & = 4, 2 and %3 respectively, Here

s’ & a® T , qil
=87 N7 - 7 f— vl = -—— U —— T —
ST —ml S=si—gmi> n=w v © *+ 1 LAl

g2l
Vo= —wp— 1A

It is seen from formulas (2, 2) and (1, 6) that with increasing 7, the values o decrease,
wilile ¢ increase, Clearly, unique
values of 7, correspond to any u,, and
42,334 7 [].0167‘/ \ 7 u, which satisfy inequalities (2, 4),

!

6 / A solution of the problem of periodic
modes of one~dimensional distributed

prs7 2 gy A

~ N\ | system of temperature control of a fur-
— N ¢
~ I ;Z\\\ nace was given in [1] together with
I P . o
—] g
g5 T, J S the analysis of stability of such modes,

J T e g Vs ”Zj/f/' This problem reduces to solving Eq,

e - //"" (1.1) with conditions (1, 2), where
4 ~1 & (— l< 2<0) is substituted for
7| 00167\
=017 / T L~ —land hy = hy = 0 is assumed,
A

J / J// 3, Let us now examine the asymp-

~10.57% r/ k0. 0334 totic behavior of the solution of Eq,
a b (1.1) with comditions (1, 2), in which

Fig, 1. hy = hy = h is assumed, for t—

~>00 and initial condition

u (@, 0) = ¢ () (3.1)

where @ (x) is a function satisfying the Dirichlet condition in the interval —/ < z <C
<0.
The solution of this problem is defined by formulas (similar to those derived in [67)
i

1) 7z S o NISTY
u*Y (x,1) = —n T D) CF Y exp L — M (t - 2 I )), sin oy
‘ k=1 =0
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i
2‘, TO<t < N TOHTFY g=0,1,2,3.) TO=0 (3.2
F=0 J==0

(e

ug ™ (@, ) =g Thz + D DY exp ‘{” 7“k2<t — A T0— T(lim)} sinags
k=1 j=0

i i
DTO 4 TVt < D) TO+ T (1=0,1,2,3, )
: =
where

(L ___ __ 2q1 sinayl . sin 2a,l\~-1
= (o — 755" (1 — )

Px = .?_ @ (@)sinogzdz,  Dp® = ex + BOC,®

Cl(ti+1) == - O + Tk(i)Dk(i) (i = 1, 2,3 ) (3'3)
Be® = oxp [ — MTy0], 1 = exp [— M (79 — T,0)]
For the sake of definiteness we assume that at the initial instant the upper inequality
of the first of conditions (1,4} applies,
If h = 0,theng{) — B @-1ang v = (y®)@-1") and it can be shown, as was
done in [6] in the analysis of another problem that with condition
W) 7y 3> 0, B 20
satisfied, ﬁ("“) and T3 may in effect be determined from equations
e o
B(H»l) Bm} - A {B(H—l) (T(L))q . (3§1+1))_|}, T(H"l) ,I,( } 4+
i [ER AN i+1ho
FBEE T ) (3.4)

i [
s e _.,.__._..l__
’ ‘4 o T E o N B == 9 6+ e1

(i+1)

_, 5 o —

L = §—e’ ' " sa

(provided that 3,® and v, are sufficiently small for considerable i)
Conditions 0 < B(O) <4 and 0. ¢ <1 yield

G >e, 5l —ep, 53— —ey, AL0, BLO

It follows from (3,4) that ;) and 7, are bounded monotonic sequences which, acco-
rding to the theory of Weierstrass have f; and 7y as their limits, Substituting these
limits into formulas (3, 3), we find that these reduce to {2,2). Thus solution (3, 2) vir-
tually becomes the solution of the periodic problem (1, 3) in which use is made of (2. 3).

Let now k<= 0, In this case B° = (37)" and 7 = (y{")¥r, where pg = (x / a1,)2.

More general equations may be substituted for formulas (3,4). Let us consider the case
in which these are of the form

& 8
Bgz«m B(m i Z! {Lﬁiﬂ) {B(li-t-t} ijg ?,(iz‘ﬂ) — Tg}) - Z bf;i 1) £T§i+1},§u5

RESH

( & .
’Y’gl) —_ (\3‘}



Asymptotic behavior of solutions of nonlinear 935
problems of hydrodynamics

g™ =0 [1 — () + (B0], ol = 0, (1 — ()]
V2 V3
Py §) Wg = — ———x,
vi + ¢ vi- ¢
Formulas for bfﬁl) are derived from corremondmg formulas for a
(G —wv) for (v + 0", BED for 11 and 4 for B .
Formulas (3, 5) imply the followmg inequalities:
a3_1+1) < O, b(_1+1) < 0 G=1,2,3)

Bmin < B(fﬂ) < ﬁma'( - B(D) Tmin < Tllﬂ) < Tmax = T(O)
We must obviously have 0 < 1¥ < 1 and 0 <~ B < 1 hence conditions that
0<o<lwv, —v;<< ¥ <0 and o — U < v
With the use of (3, 5) we construct the difference
B(liﬂ) - B(li) — a(1i+1) [B(liﬂ) (1) + }3(1) a(1i+1) (t)T + a(1+1) (B(Hl))
as” (B + o™ (B )e — o (B (3.6)

(i+1) agi) as

= {OuaB 1 — EO)] - ogust 1} (1) — ) — (3.7)
— gt (v ) (37 — B
where & and O are certain mean values of 71 and 1 is a certain mean value of By

Similar formulas can be written for the remaining differences appearing in the expr-

ession (3, 6), as well as for the terms of formula for the difference ’;’(HD ’rf) similar

to (3,6), and which can be derived from (3, 5), These formulas make it possible to ob-
tain linear expressions for the differences pi+b __ B(l) and T(Hl) T“) in terms of
,],(1) Y&l 1)’ (1) B('L“l) and B(‘L+l) B(l), Til) T(l 1) s respectlvely’
B(lzﬂ) _ B(ll) — (,r(ll) — 7, D)+ L (3(i) _ B(i—l)) (38)
W — = MY —BY) + N (1 — i)
. 1 i S
K = g (oga {230 — £ 0 11 — @)1 +
+ @yl {818 — AvLBP)))

L= (et B et @O (e
E=1—af" — appyport (1 — (1) [1 — @P)=]} —
— @gpgl1 1 — (ri)s)

Wy = — Vg = —¢epsinl, s=3

(1 0 by substituting

Using the mean value theorem we define the difference a,
ai™h — af

where £, {, A and § are mean values of 7;; 1, v, y and O are the mean values of
B1. Expressions for M and V are derived from the formulas for X and [, with the use
of above substitutions,

Estimates .
K| <a, [L|<B, IM|<7v, IN|<S

yield inequalities applicable to system (3. 8) for i >> k, where £ is a certain constant
i i i i— (i) (i-1)
1B — P < af ) — Y BB - BT
) . i ) . -
B B N I 1L N AR TSR ¢ (3.9)
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where
& =7 [— (’)2}127‘;:;11:Bmax (1 — max) (1— Bmm) — msl‘a’]’maxgmax 1+ Bmax)

B = '_—(;1}1—2 (']’max?’max)""z(1 + B*;% (310)
F=1— (1)275121“ (1 Bgnax) - (1)3Tm1n
- 032“28#511 {1— Thax (11— mm)} - ('03”'*3%31_11 (- r}?‘n’ax)
and Y and 9 are defined by similar expressions, In this case the inequality F ~> Q,
where F' is defined by formula (3,10), must be satisfied,

Multiplying the first of inequalities (3, 9) by £ and the second by 7], where £ and M
are certain unknown, a priori positive numbers, and adding the two products, we obtain

n T — 1P|+ — 1) B — B [ <
(@5 S| T — 0 |+ BE|BY B | (3.41)

We denote { = § — 71 and seek the numbers £ and v as the solution of the system
of homogeneous linear equations

ok + &n = An, BE = AL = M (§ — An) (3.12)
Inequality (3,11) now becomes
I B N A B U e B
L8O — 3D |} (3.13)

If the roots & and M of this system of equations could be selected so that
2>0,n>>0,5>0,0A <1

then the numbers {B{) and MY’ could be considered as elements «® = {CB?), i}
of space /{¥ [9] of range p (x141, uf) == | B — BO) = Iy — 7). Let us
assume th1s to be possible, From (3,13) then follows that o (i1, lt) < hp (at, wi-1),
We further obtain inequality

om megy M
O (xm, amiey =0 (k) k-1
ie., p @™, 2™ — 0 for m-— x, g > 0.

Hence sequence {2} is convergent in itself, and by virtue of completeness of space
¥ there exists an element 1 = {{By, M7} &= [\’ which is the limit of this sequ~
ence, After substitution of [?) and ng) for fr and 7Tg respectively, into formulas
(3.2) and (3, 3) these again virtually become (2, 2) and (1. 3),
Let us prove that it is possible to find such , v, {and A which satisfy the inequalities
E>0,m>0, L>0and v<< A< 1.
The system of Eqs, (3.12) is linear and homogeneous, For the existence of a nontriv-
ial solution of this system its determinant must be zero, and this yields for the determ-
ination of } a quadratic equation whose roots are

A="17{p+84ar £+ VB +06+an—4po} (<)

It is readily seen that both roots are real and positive numbers (since «. f§, y and S are

positive), If condition .
Bt & Fay— po<t (3.14)
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is satisfied, both roots are smaller than unity,

We note that, when considering Egs, (3, 4) for the case of & = ¢, the relevant con-
dition is of the form ay < 1. Assuming n > 0, we further obtain from Egs, (3,12) that
t>0 and £ = (A — &) no~! > 0. This means that A, <{ & and A, > 6.Bearing this
in mind, we set A = Ay and & = (A, — 8) na~1, Condition (3,13) in which 0 <{ A < 1
is now satisfied,

It can be proved by the method of consecutive approximations that for sufficiently
small B{” and 1{” the increments resulting from the substitution of shortened equations
for Egs, (3.5) (s — oo} also tend to limits, The limits to which solutions of exact equ-
ations tend are unique,

Thus at the limit at ¢ - oo with conditions ¢ (__l) < Uy, 0 <L 0 <vy, —Vy <
< %<0, 0 — & < v, and F > 0,where F is defined by formula (3,10), and the
inequality (3, 14) satisfied the solution u (z, f)of the considered problem tends to the
periodic solution of the related problem,
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